Abstract.Özavsar and Cevikel( Fixed point of multiplicative contraction mappings on multiplicative metric space.arXiv:1205.5131v1 [matn.GN] (2012))initiated the notion of the multiplicative metric space such that the usual triangular inequality is replaced by "multiplicative triangle inequality d(x, y) ≤ d(x, z).d(z, y) for all x, y, z ∈ X". The objective of this manuscript is to derive some fixed point theorems in the context of multiplicative metric space.
Introduction
Banach contraction principle has been a very advantageous and efficacious means in nonlinear analysis. Various authors have generalized Banach contraction principle in different spaces. Singxi et al [5] and Sastry et al [6] gave a common fixed point theorems for different mappings on a 2-metric space. Dhage [8] proved fixed point results in D-metric space. Branciari [1] introduced the concept of generalized metric spaces by putting a general inequality condition in place of usual triangular inequality in metric space. Gu gave some common fixed point theorems related to weak commutative mappings on a complete metric space in [4] . Mustafa and Sims [10, 11] studied various results on the class of generalized metric spaces. Agarwal [7] discussed some fixed point theorems related to monotone operators in the setting of metric space equipped with a partial order using a weak generalized contractiontype mapping. An interesting generalization of Banach contraction principle was made by Suzuki [9] .
Ozavsar and Cevikel [2] introduced the concept of multiplicative contraction mappings and proved some fixed point theorems of such mappings on a complete multiplicative metric space. They also gave some topological properties of the relevant multiplicative metric space. He et al. [22] studied common fixed points for weak commutative mappings on a multiplicative metric space. Aydi et al [12] obtained a fixed point result for weak contractive mappings in complete Hausdorff generalized metric spaces. For further details about multiplicative metric space and related concepts, we refer the reader to [2] . Fixed-point theory and self mappings satisfying certain contraction conditions has many applications and has been an important area of various research activities [13, 14, 15, 16, 17, 18, 19, 20, 21] .
In the current article we studied some fixed point results in the setting of multiplicative metric space.
Prelimenaries
In this section we recall some elementary definitions and results which will be needed in sequel.
Definition 2.1. [2] Multiplicative metric on a nonempty set X is a mapping d :
Example. Let R n + be the collection of all n−tupples of real numbers. And let
[2] (Multiplicative reverse triangular inequality)Let (X, d) be a multiplicative metric space. Then we have the following inequality
This is called multiplicative reverse triangular inequality. Definition 2.6.
[2] A sequence {x n } in a multiplicative metric space (X,d) is said to be multiplicative convergent to a point x ∈ X if for a given ǫ > 1 there exits a positive integer n 0 such that d(x n , x) < ǫ for all n ≥ n 0 or equivalently, if for every multiplicative open ball B ǫ (x) there exists a positive integer n 0 such that n ≥ n 0 ⇒ x n ∈ B ǫ (x) then the sequence {x n } is said to be multiplicative convergent to a point x ∈ X denoted by x n → x(n → ∞) 
Theorem 2.1.
[2] In a multiplicative metric space every multiplicative convergent sequence is multiplicative Cauchy sequence.
) be a multiplicative metric space and let f : X → X be a multiplicative contraction. If (X, d) is complete, then f has a unique fixed point.
) be a complete multiplicative metric space. Suppose the mapping f : X → X satisfies the contraction condition
) is a constant. Then f has a unique fixed point in X. And for any x ∈ X, iterative sequence (f n x) converges to the fixed point .
where λ ∈ [0, 1 2 ) is a constant. Then f has a unique fixed point in X. And for any x ∈ X, iterative sequence (f n x) converges to the fixed point .
Dugundji and A. Granas [3] established the following result in a compete metric space.
Theorem 2.5. Let (X, d) be a complete metric space and let f : X → X. Assume further that for each ǫ > 0 there is a δ(ǫ) > 0 such that if
for some y ∈ X, then the sequence {f n y} converges to a fixed point of f.
Aydi et al [12] obtained the following theorem in a complete Hausdorff generalized metric spaces. Theorem 2.6. Let (X, d) be a Hausdorff and complete generalized metric space. Let T : X → X be a function such that for all x, y ∈ X 
Main Results
In this section we are attempting to derive some fixed point theorems in the setting of multiplicative metric space.
In the following theorem actually we derive Theorem 2.5 [3] in the context of multiplicative metric space Theorem 3.1. Let M be a complete multiplicative metric space and let
for some y ∈ M, then the sequence {T n y} converges to a fixed point of T.
Proof. We first show that {T n y} is a multiplicative Cauchy sequence.Let, for the sake of brevity, define T n y = y n . Given α > 1, choose a natural number n 0 so large that
It means {y n } = {T n y} is a multiplicative Cauchy sequence and, due to the completeness of M, converges to some point z ∈ M. Now we claim that z = T z. Suppose by way of contradiction that
then by hypothesis of the theorem
As β
√ β (z n ), giving a contradiction. Hence T z = z. This completes the proof. ) and T : M → M a function such that for each pair of different points x, y ∈ M at least one of the following conditions is satisfied:
(
Then T has a unique fixed point.
Proof. Consider the number δ = max{ξ,
}. Obviously, δ < 1. Now choose x 0 ∈ M arbitrarily and fix an integer n ≥ 0.Take x = T n x 0 and y = T n+1 x 0 . Let x = y, otherwise x is a fixed point of T . If for these two points condition 1 is satisfied then
If for x and y condition 2 is satisfied then
If for x and y condition 3 is satisfied then
This inequality is true for every n ≥ 0, therefore
Let m, n ∈ N such that m > n, then using multiplicative triangular inequality we get
This implies that lim
Hence {T n x 0 } is multiplicative Cauchy sequence, and due the completeness of M, it converges to some z ∈ M.
We now claim that T (z) = z. Suppose by way of contradiction that T (z) = z, then d(T z, z) = ǫ > 1 and consider the ball B = {x ∈ M : d(x, z) < ǫ
. As {T n x 0 } converges to z so every ball with center z contains all but finite number of terms of {T n x 0 }, hence there must be a natural number p such that T n x 0 ∈ B ∀ n ≥ p. According to the hypothesis of the theorem for the two points T p x 0 and z at least one of the three conditions must satisfied.
That is none of the three conditions is satisfied for T p x 0 and z, hence T (z) = z. Uniqueness: To show uniqueness of the fixed point, suppose on the contrary that z ′ = z is another fixed point of T for some z ′ ∈ M. Obviously for these two distinct points of M, at least one of the three conditions of the theorem must satisfied.
Contradicting condition (1) . And
Which is contradiction to condition (2) .
That is condition (3) is violated.
None of the three conditions of the theorem is satisfied if z ′ = z, therefore z ′ = z. Hence fixed point of T is unique. ) and let T : M → M be a function such that for each couple of distinct points of M condition (2) of Theorem 3.2 is satisfied, Then T has a unique fixed point. 
Where
is continuous and ϕ(x, y) = 1 if and only if x = y = 1. Then f has a unique fixed point in M.
Proof. Let u 0 ∈ M be an arbitrary point. Clearly by induction a sequence {u n } can be constructed such that
If for some natural number n , u n = u n+1 then clearly u n is fixed point of f . Suppose u n = u n+1 for all n ∈ N.
Step 1. We claim that
Substitute u = u n and v = u n−1 in (1). With the properties of ϕ, we obtain the following.
Therefore {d(u n , u n+1 )} is a sequence which is monotonically non-increasing and bounded below by 1. So, there must be some r ≥ 1 such that
Letting n → ∞ in (4) and using the continuity of ϕ, we get r ≤ (r.r) 1 2 ϕ(r, r) = r ϕ(r, r) ⇒ ϕ(r, r) ≤ 1 ⇒ ϕ(r, r) = 1 ⇒ r = 1.
Thus (3) is proved.
Step 2. Next we shall prove that
Using (1) we have.
Using (3) we get
So (5) is proved.
Step 3. We claim that f has a periodic point. Suppose by the way of contradiction that f has no periodic point,then {u n } is sequence of distinct points, that is u n = u m for all n = m. We will prove that in this case {u n } is a multiplicative Cauchy sequence. Because otherwise there would exist some µ > 1 such that for an integer q there exist integers m(q) > n(q) > q such that
For every positive integer q, let m(q) be the least positive integer exceeding n(q) and satisfying (6) then
Using (6), (7) and multiplicative triangular inequality we have.
.µ using (3) and (5) we get
Using u = u m(q)−1 and v = u n(q)−1 in equation (1), we get
Letting q → ∞ in the above equation and using (3) and (8) and continuity of ϕ we have
Which is a contradiction. Hence {u n } is a multiplicative Cauchy sequence. Since (M, d) is a complete m.m.s, so there will be some w ∈ M such that u n → w. Using u = u n and v = w in equation (1) we get
which implies that
Letting n → ∞ and using (3) 
Now we shall find a contradiction to the assumption that f has no periodic point in each of the following two cases. Case 1. If u n = w and u n = f w for all n ≥ 2, Then using multiplicative triangular inequality we have
From (10) and (11) Which is possible only if d(w, f w) = 1 ⇒ f w = w that is, w is fixed point of f , so w is periodic point of f . Which is a contradiction to the assumption that f has no periodic point. Case 2. If for some p ≥ 2, u p = w or u p = f w. Since f has no periodic point, therefore w = u 0 because otherwise u p = w = u 0 ⇒ f p u 0 = u 0 that is u 0 is periodic point of f . Also if u p = f w and w = u 0 then f u 0 = f w = u p = f p u 0 = f p−1 (f u 0 ), i.e, f u 0 is periodic point of f . Hence in either case we have a contradiction to the fact that f has no periodic point. Now for all n ≥ 1, we have In the above two identities the integer p ≥ 2 is fixed, so {u n+p } and {u n+p−1 } are subsequence of {u n }, and as {u n } is multiplicative sequence converging to w, so these two subsequences are also multiplicative convergent to the same unique limit w, i.e 
